Let E be a closed subset of the open unit disk G ¼ fz : jzjo1g; and let m be a positive Borel measure with support supp m ¼ E: Denote by A p the restriction on E of the closed unit ball of the Hardy space H p ðGÞ; 1pppN: In this paper we investigate orthogonality properties of the extremal functions associated with the Kolmogorov, Gelfand, and linear n-widths of A p in L q ðm; EÞ; 1pqoN; qpp: r
1. Introduction
Overview
Let G ¼ fz : jzjo1g be the open unit disk in the complex plane C and let G ¼ fz : jzj ¼ 1g: We assume that the circle G is positively oriented with respect to G: Let E be a compact subset of G; and let m be a finite positive Borel measure with support supp m ¼ E: We further assume that E contains infinitely many points.
Denote by H p ðGÞ; 1pppN; the Hardy space of those analytic functions g on G such that jgj p has a harmonic majorant there. As is well known, such functions have nontangential boundary values a.e. on G that establish a one-to-one correspondence between H p ðGÞ and the closed subspace of L p ðGÞ consisting of functions whose Fourier coefficients of strictly negative index do vanish; a function in H p ðGÞ is recovered from its boundary values through a Cauchy as well as a Poisson integral. We refer the reader to [9] for details on Hardy spaces, and we merely recall here a few facts that will be of relevance to us.
By a theorem of Szeg + o, we have that log jgjAL 1 ðGÞ whenever gAH p ðGÞ is not the zero function. This entails that a H p ðGÞ-function is uniquely defined by the values it assumes on a subset of G of positive Lebesgue measure. Conversely, whenever rAL p ðGÞ is a positive function such that log rAL 1 ðGÞ; the function E r ðzÞ ¼ exp 1 2p
; zAG; ð1:1Þ
lies in H p ðGÞ and has modulus r a.e. on G: This E r is called the normalized outer function associated with r; the normalization being that E r ð0Þ40: More generally, a function is said to be outer in H p ðGÞ if it is of the form cE r with c a unimodular constant. Obviously, an outer function has no zero in G: Granted the normalization condition, the outer function E r is characterized by two facts, namely:
(i) jE r j ¼ r a.e. on G; (ii) among all H p ðGÞ-functions that satisfy (i), E r is largest-in-modulus pointwise on G:
A particular type of H N ðGÞ-functions will also be important to us, namely finite Blaschke products. These are the rational functions that are analytic in G and of unit modulus on G; they assume the form q=q Ã ; where q is an algebraic polynomial whose roots lie in G and where q Ã indicates the reciprocal polynomial given by q Ã ðzÞ ¼ z n qð1=% zÞ if n is the degree of q: The integer n is also called the degree of the Blaschke product, and the latter is called normalized if q is monic. For any positive integer n; we let B n denote the class of normalized Blaschke products of degree n; upon splitting q into linear factors in the previous definition, we see that each BAB n can be uniquely written as
Let A p be the restriction on E of the closed unit ball of the Hardy space H p ðGÞ: Fisher and Stessin [7, 8] In this paper we investigate orthogonal properties of the extremal functions j n and B n which attain the value m n : m n ¼ jjj n B n jj q;m :
ð1:4Þ
That j n and B n indeed exist follows from the fact that the ''inf-sup'' in (1.3) is certainly attained if the infimization is extended to Blaschke product of degree at most n, because the restriction of this set to E is compact in L N ðEÞ and so is A p in L q ðm; EÞ; but the ''inf'' is obviously attained on B n ; because each elementary factor in (1.2) has modulus strictly less than 1 on E: Necessarily j n is outer of L p ðGÞ-norm exactly 1, otherwise it could not meet the ''sup'' in (1.3). Clearly j n 1 for p ¼ N; and for 1ppoN is known to satisfy the following equation:
jðj n B n ÞðxÞj q dmðxÞ; xAG; ð1:5Þ see [7, Proposition 1] . One consequence is that jj n j extends continuously on G (see [6, 7] ). Actually, since jj n j is strictly positive and C 1 -smooth on G by (1.5), so is log jj n j whose conjugate function Arg j n is then continuous, and therefore we see upon taking the exponential that the outer function j n itself is continuous on G: If qpp then j n is uniquely determined by B n up to unimodular scalar multiples, but this may fail if poq (it is nevertheless true if E is hyperbolically small, see [7] ). To avoid trivial cases of nonuniqueness, we assume throughout without loss of generality that j n ð0Þ40:
In Sections 2 and 3 we establish orthogonality properties of the extremal functions j n and B n when qpp: The authors do not know whether analogous results hold when poq: In Section 4, a connection with meromorphic approximation is investigated.
Notation
Above and thereafter, L p ðGÞ; 1pppN; stands for the Lebesgue space of functions j measurable on G; with the norm where ðjj n B n j q dmÞ Ã is the balayage of jj n B n j q dm on G (see, for example, [11] We represent B n ðxÞ in the form B n ðxÞ ¼ w n ðxÞ=w Ã n ðxÞ; where
ð1 À % x k;n xÞ; and x 1;n ; x 2;n ; y; x n;n are zeros of B n ; x k;n AG; k ¼ 1; y; n:
We now prove that for 1pqppoN Necessarily j B is outer, so we normalize it as usual by setting j B ð0Þ40: We write a generic BAB n as:
and we single out B n to be
where the a j are the coefficients of w n : When B ranges over B n ; then ða 0 ; y; a nÀ1 Þ ranges over an open subset O of C n ; and this way we coordinatize B n : Clearly, C is jointly continuous with respect to ða j Þ 0pjpnÀ1 AO and jAA p when the latter is endowed with the topology induced by the sup-norm on E: Observe also that A p is compact for that topology by the Cauchy formula and the weak-compactness of balls in H p ðGÞ: Moreover, C has partial derivatives with respect to the real and imaginary parts of the a j that are likewise jointly continuous with respect to ða j Þ 0pjpnÀ1 and j: Since j B is the unique argument of the maximum in (2.4), it now follows from [4, Chapter III, Theorem 1] that CðB; j B Þ in turn has partial derivatives with respect to the real and imaginary parts of the a j ; given by
Because B/CðB; j B Þ meets a minimum on B n at B ¼ B n ; or in coordinates on O at a j ¼ a j ; 0pjpn À 1; the above partial derivatives must vanish at this point and writing that
while taking into account that j B n ¼ j n ; yields (2.3) upon differentiating under the integral sign. Let E À1 be the reflection of E in the unit circle and let D be the component of % C\E À1 that contains the unit disk G: We have the following theorem (see [2] for q ¼ 2 and ECðÀ1; 1Þ). Let us consider the following function: where ðjB n j q dmÞ Ã is the balayage of jB n j q dm on G: In particular, we have that
Consider now the function f n ðzÞ defined on G by
Because g n is strictly positive and continuous on G as is apparent from (3.2), the function f n is normalized-outer in H N ðGÞ by (1.1) and, from the properties of such functions (as described in the introduction), together with (3.4), f n satisfies the following three properties:
(a) f n is nonvanishing in G; (b) jjf n jj 2 ¼ 1 and f n ð0Þ40; (c) f n satisfies on G the equation Moreover, since g n is C 1 -smooth and non-vanishing on G by (3.2), so is jf n j and therefore f n itself is continuous on G:
With the aid of f n we shall prove the following version of Theorem 1 for the case when p ¼ N (see [3] for q ¼ 2 and ECðÀ1; 1Þ). 
ARTICLE IN PRESS
By (3.14), for
we obtain that and the extremal constant m n : Let M n;s ðGÞ; 1pspN; be the class of all meromorphic functions on G that can be represented in the form h ¼ P=Q; where P belongs to the Hardy space H s ðGÞ and Q is a polynomial of degree at most n; Qc0: Denote by D n;s ¼ inf hAM n;s ðGÞ jj f À hjj s the error in best approximation of the Markov function f in the space L s ðGÞ by meromorphic functions in the class M n;s ðGÞ:
Let 1=s þ 1=t ¼ 1: The following theorem describes a connection between D n;s and the extremal constant m n ðp; q; mÞ with q ¼ 2 and p ¼ 2t (see [1, 2] ). 
and h n ¼ P n =B n ; where P n AH s ðGÞ and B n is a solution of the extremal problem (1.3) with q ¼ 2 and p ¼ 2t;
(iii) the function h n satisfies a.e. on G the following equations:
By the duality results (see [9] 
